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Chapter 4: Multiple Random Variables

A vector r.v. X is a function that assigns a vector of real numbers to each
outcome & in S : sample space.

Ex: 4.1 Student’s features: &: name of a student in class and height,
weight and age functions be:

H (&) = Height
W (&) =Weight ¢ then the vector: (H(&),W (&), A()) is a multi-
A(S) = Age

random variable.

Ex: 4.3 & is outcome of a voltage waveform X(t)
X¢ = X(KT) be sample of voltage taken at t = kT
Then n samples form: X = (X, X,, ..., X;)

Events involving an n-dimensional r.v. X = (Xg, X, ..., X;) has a
corresponding region in an n-dim. space.

Ex: 4.4 Given X = (X, Y) Find the region of the plane corresponding to:

\. : T ‘ -_ :-n_ .

A ={X+Y<10} —* \ z f/—ls\. 100

B = {min(X,Y) <5} — T M
| |

{min(X,Y) <5} = {X <5} {Y <5} C = {X*+Y?<100}
Product Form:

A ={X in A3n{X in A .n{X,in A}, Forrv. X ={Xy, Xy,.., Xp)
UAE 4.2

&y $ &

I [ ST e+ ¥

|
| a T T 1 T

[ gy = X af |;.:- A<y [y & X a] TV (e B ) B O PR Wk
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Probability of product-form events:
P[A] = P[{X1 in A3n{X; in A}N...n{X,in An}] = n-dim joint cdf, pdf
=P[X11In A, Xz in Ay, ..., X, in Ap] = P[{€ in S such that X(§) in A}]

Consider A, B, C of Fig 4.1 (Ex: 4.4) : None of these are of product form.
But B can be broken downto: B={X<5and Y <o} u {X>5andY <5}

Approximating A & C by infinitesimal width rectangles:

X+Y<10 X%+ Y?<100

FIGURE 4.3
Sorewo-dimens

! HEnE: n

R.V. Xy, Xy, ..., X, are independent if
P[X1in Ay, Xyin Ay, ..., Xy in Ayl = P[Xyin Af]-P[X; in Az]-+-P[X, in Aq]

where Ay is an event that involves only X,.

Two Random Variables:
Let Z= (X, Y) take values from S={(x;,yw): j=1,...; k=1,2,...}.

The joint pmf of Z specifies the probabilities of the product-form event:
X=x} n{Y =y}

Px.v(Xj, Yi)= PEX =x3{Y =yi})=P[X=x;, Y=y] j=1,...;k=1, ...
1. Prob. of any event A is the sum of pmf over outcomes in A:

PIXinAl= > 2P(xj,yk)
(vayk)

2. Probability of S :

> 2 Pxy (Xiyk)=1
i—1k—1

3. Marginal pmf (probabililty of events for each r.v.):
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Px (Xj) =Prob[X = Xj]=Prob[X = X;; y = anything
px (i) =Prob[{X =x;j and y=y;ju{X=x and y=y,ju--]

o0
Px (Xj)= X pxy (Xi, Yk)
k=1
and similarly, the marginal for y:

Py (Yk) = Prob[Y =yk]=_§ Px.y (Xi» Yk)

Ex: 4.6

I 1
A random experiment consists of tossing two “loaded” dice and noting the pair
of numbers (X, Y) facing up. The joint pmf gy (7, k) for j=

l,....6and k= 1,_._,6s:
I
I 2 k) 4 5 i

| 242 /42 142 1/42 1/42 1,42
2 /42 2 1/42 1/42 1742 1742
3 1742 /42 LA 1742 /42 1,42

I i /42 L/ 142 FAL ¥ lr42 ] /42
5 1742 /42 1742 /42 242 1 f42
[ /42 1/4 1742 1742 1542 24z

2 1 1 1
P[X :1]:E+E+---+E:€ No way to tell from
o marginals the dice are
Slmllarly, loaded.

P[X = j] =% ]=123456

and

PLY = K] =% K=123456

Ex: 4.7 If message length:N-bytes with a geometric distribution with
probability 1-p and Sy ={0,1,2,...}. Pack them into M-bytes with Q of them,
R-bytes left over. Find joint pmf, marginal pmf for Q, R.

P[Q=q,R=r]=P[N=gM +r]=(1- p)qu+r
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P[Q=q]=P[N in{gM,gM +1,gqM +2,...,.qM + (M -1)}]

M -1 M -1 1- pM
=y - p)p™HK — (- p)pM Ty pk - pp™M P
k=0 k=0 1-p

=1-p"YypM)d forq=012,.
P[R=r]=P[Nin{r,M +r,2M +r,..}]

= S @-p)p™MHT —a-p)p" 3 (pM)¢
g=0 g=0

=@1-p)p" forr=012,..M —1

1-p

werlmr) = P sk, P vyl

Probability of the product-form event: “ !

{XSX].}m{YSyl} ..-l_ v
Fxv(X1,y1) = P[X <xq, Y <yi] | (e

Joint cdf is non-decreasing
in the “northeast” direction:

Joint cdf :
(1)  Fxy(X1,Y1) £ Fxv(X2,y2) if xi<x;andy; <y,
(ii) Fxy(-00,y1) = Fxy(Xy,-00) = 0

FIGLRE 4.5 .

bemangal ol ge e

Fyfr;) = PIX % x,.¥ < o] Fel¥)) = PIX < =¥ % v,]
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(iii) Fxy(oo,0) =1

(iv) Marginal cdf:
Fx(X1) = Fxy(Xy, ) = P[X < Xq, y < 0)]
Fv(y1) = Fxy(0, y1) = P[Y < yi]

FIGURE 4.5
B pim e of a1 b 5 1D
e gl by !
FETRNTS ETE £ k] Ij )
e X 1 T

il ik
Lyl Lry.) ™

(v) Continuous from the “north” and the “east”
(vi) lim Fxy (X y)=Fxy(@y)

x—at
and
lim Fxy (X Y)=F xy (x,b)

y—b*

(Vi) P[X1 < X <Xz, Y1 <Y £Y5] = Fxv(X2, Y2) — Fxv(X2, Y1)
- Fxv(X1, Y2) + Fxv(X1, Y1)

Ex: 4.8 & 4.9:
Fxy (X, Y) ={
Find marginal cdf’s

Fx (X)= lim Fxy(x,y)=(@0-e"**)(1-0) = 1-e %)

y—o0

L-e"**)1-ePY) x>0;y>0
0 Otherwise

Fy ()= lim Fxy (xy) =(1-0)1-e#Y) = (1-eFY)
Find P(A), P(B), and P(D) if A={X <1, Y <1}
P(A) =P[X <1Y <l]=Fxy L) =(1-e)1-eP)

B={X>x,Y>y}
From DeMorgan’s Rule we write:
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BC=({X>x}n{Y >y} ={X>x3 U {Y >y}°
={X<x}u{Y <y}

P[B¢1=P[X <x]+P[Y <y]- P[X <X,Y <]
=l-eg @ +1-e Y - (l-e @) (1-eFY)
=1— g @X e—ﬂ.y
and  P[B]=1-P[B* =g #Xg Y
D={1<X<2,2<Y<L5}
P(D) =Fxy(25)—Fxy(22)-Fxy L5 +Fxy(12)
=(l-e 2N (1-e ) -(l-e2M)(1-e ) -(1-e N)(1-e )+ (l-e *)(1-e?F)
Joint pdf of two continuous r.v.:

X and Y are jointly continuous if there is a joint pdf fxy(X,y) >0 and itis
defined in the real plane such that for every event A

PIX'in Al = [[ f yy(X, y)dxdy
A

fy oyl &

X Y
Fxy(y)= [ [fyy(xy)dxdy
—00—00
2

d
f X,y)=——F X,
xy (X, Y) dxdy X,y (%)

If we define A = {(x,y): a; <X <b;and a, <Y < b,} then,
P[A]=P[a; < X <bj,ap <Y <by] = bjl bjzfxy (x, y)dxdy
a;ap
and
Plx< X <x+dx, y<Y <y+dy]~ fyy (X, y)dxdy
which leads to:

L Fx (X)=Fxy (x,0) and Fy(y)=Fxy («,Y)

2 fy (0= | ﬁfXY (x y)oly}olx{offXY (x y)dy}

L
d 717 dx d i d
3. fy(Y)_d_y_{owaf xy (X,Y) X} y:{_{)of xy (X, Y) X}
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Ex: 4.10 Given:
! <x<1
f(x,y)= 0<y<1
0 o.W

Find joint cdf

Region I: Sincex<0,y<0
fuy— 0 then: ny(X,y) =0

11

65

Region Il: Where 0<x<land0<y<1:

Xy
Fxy =] J1-dxdy=xy
00
Region Ill: Where 0<x<landy>1:
x1
Fxy =] ]dxdy =x

00
Region IV: Where x>1 but0O<y<1:

y1
Fxy=]]dxdy=y

00
Region V: Where x>1andy > 1:
11
Fxy =] [dxdy=1
00
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Ex: 4.11 and 4.12:

R

01

Find c:
o0 X o0
1=[dx[c e *e7Ydy = [c e *(1—e*)dx
0 0 0
=cfeXdx-cfe Pdx=c-_=_ = =2
0 0 2

Marginal pdfs:

e X
foy(X)=[fywXy)dy=2[eXeVdy=2e*(1-e7*) 0<x<o
0 0

fy(Y)=]fyy(X y)dx=2[eXeVdx=2¢72Y 0<y<ow
0 y
XeTV 0<y<x<w
Fou(xy)= JC€ €
xy (9) { 0 Otherwise

If x+y<1 find P[x+y<1] < The region is the strip

1/2(1-y 1/2
PIx+y<l="] | [ 2 ¢ Vdxdy=| 2e7Y[eY—e @M}y
0

O\y
1/2 1/2
=2 [ e Vdy-2 [ ey =1-2¢"
0 0
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Mixed r.v.
=  P[X=k; Y <y]; where y: cont.r.v. but x:discreter.v.
PIX=k; y1<Y <y,]
Ex: 4.14

—XP Channel W

Input: X={1,-1} with Prob:1/2

and

Noise: N: Uniform in [-2V, +2V]

Find P[X =1, Y <0] Case for Sent “1” but received “0”, i.e., ERROR
PIX=k, Y <y]=P[Y <y|X=K]P[X =K]

When X =1 then Y is uniform in (-2+1, 2+1) = (-1, 3)

then
PlY<y|X=1]=1/4 and P[X=1]=1/2

P[X=1,Y<0]=P[Y<0|X=1JP[X = 1]
= (1/4)(1/2) = 1/8

Independent 2 R.V.:
P[Xyin Ag, X5 in Ay] = P[X71in Af] P[ X5 in Ay]

For discrete r.v.:
Pxy (Xi, Yi) = P[X =X, Y = yi] = P[X = x;] P[Y = yi]
=px (X)) py (o) for all x;, yk
= If X and Y are indep discrete r.v. then their joint pmf is the product of
marginal pmfs.

= If X and Y are jointly continuous and if fyxy(X,y) = fx(X) fy(y) for all
x and y; then x and y are independent.

= Ingeneral, X and Y are indep r.v. iff: Fxy(X,y) = Fx(X) Fy(y) forall x,y

Ex: 4.13 & 4.18 Given X,Y two jointly Gaussian r.v. where -oo < X,Y<o0,
find marginal pdf’s and check for independence.
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‘ 1 x2—2,oxy+y2
XY(X’y)";;;]Tijjfe 2(1-p%)
2 2
1 X o0 y“©—2pxy
R e L R T
B 1 X? OIO (y—pX)z—pzxzd
PR L A d
(y-p)°

:—e_? J
Ver o 27(1-p?)
2 2
1 X 1 y
=——=e¢ , and f =——e o,
m 2 Y (y) m 2
1 x2+y2 .
fx() fy=e 5 =fyy(xy) if = p=0
where p =correlation coefficient

Ex: 4.15 Does the “loaded die” experiment (Ex: 4.6) have indep. r.v.?
Recall: P[X=Y=j]=2/42 andP[X=j,Y =k; k=j]=1/42
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But
P[X =j]P[Y =K] = (1/6)(1/6) = 1/36 for all j,k

Therefore, X & Y are not independent.
Ex: 4.16 Are QandR in EX.7 independent?

Using
PR=q1=a-p")(p"™)*  q=012..
P[R=r]= 1_';’/' p’ r=04..M-1
1-p
PIQ = gIP[R = ] = (1— pM)(pM )8 1ZP_ 1 _ (1 pyMasr
1—p'vI
=P[Q=0g,R=r] forall g=0,.12,...

r=01..,M-1
Therefore, Q and R independent.

= If X and Y are indep r.v., then the r.v. defined by any pair of functions
g(X) and h(Y) are also indep.
= P[g(X)in A, h(Y)inB]=P[Xin A", Y in B']
=P[Xin AJP[Y in B']
= P[g(X) in A]JP[h(Y) in B]

Conditional Prob. & Cond. Expectations:
Prob. that Y is in A given that X = x is known:

PLY in A| X =x] = P[YFiFXA,:xX]: x]

P[X =x]#0

If X is discrete then cond. cdf of Y given X = xy:

PIY <y, X =xk]
P[X :Xk]

Fy (YIxk) =

and the cond. pdf of Y given given X = x,, if derivative exists
0
f Xk)=— X
v (Y1xk) o Fv (Y1 Xk)
Prob. of an event A given X =Xy is P[Y in A| X =xi]= [ fy (y|xg)dy
yin A
If X an 'Y are discrete then cond. pmf of Y given X = Xy :
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PIX =xk,Y =yj]

P[X =Xxk]
_ Pxy (Xk’Yj)
P ()

Py (YjIxk)=PLY =y | X=x(]=

if P[X =x,]>0

If X and Y are independent:
PIX =xk,Y =VYj]

P[X = Xk]

If X and Y are continuous then conditional cdf of Y given X = x :

Fy (Y] X) = lim Fy (Y| x< X <x+h)
h—0

bUt Feyplev)a
PIY <y, x< X <x+h]
P[x< X <x+h]

Py (YjIxk)= =P[Y =yjl=Py(yj)

Fy (Y| x< X <x+h)=

Yy X+h y
[Ty (Xyaxidy” [ fyy (XY

— -0 X — —o0
X+h fo (X
[ fy (x)dx’ x (X

X
leth— 0 then
e fxyg.{_;)];ri}:?_

y
J yy (X y)dy’
F ==
y (Y1) 0

and conditional pdf of Y given X = x

fxy (X Y)
fy (X)
If X and Y are independent, then we have: fyy (X,y) = fy (x) fy (y) and

f y=Ff () ad F,I0=F,

fY<y|x)=;'—yFy (y]%) =

Conditional Expectation of Y given X=x

E[Y [x]= [y fy(y]x)dy if continuous
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ELY [ XI=2 Vi py (Vi |X) if X &Y are both discrete
Yi
Notes:

1. If X is continuous: E[Y]=E{E[Y |X]}= TE[Y|X]fX(x)dx

2. If X is discrete: E[Y]=E{E[Y|X]}:§CI)E[Y|xk]px(xk)
Xk

3. Furthermore: E[h(y)] = E{E[h(y) | X]} and E[y*] = E{E[y*| X]}.

Multiple Random Variables:
Joint cdf of Xy, X, ..., Xp:
F X X, (X1, X2,y Xn ) = P[X1 £ X1, X2 £ X940y Xy £ X1
It is defined for continuous, discrete, or mixed type r.v.
1. Joint pmf of n-dim. Discrete r.v. :
Px,.. X, (X1s X240y Xn) = P[X1 < X1, X2 X200, Xy £Xp ]

2. Marginal pmf:

Py, () =PI =X J= 5 Sy 0,52 %n)
X1 Xn

but X is excluded
3. Conditional pmfs:

Py, X, (K X200 Xn)

Px, Xy | X3 X240y Xp—g) = if PX,. X1 (X1, X9,.., Xp—1) > 0

Pxy X 4 (0 X2 X1)
Repeated usage of the above yields:

Px,. X, (X1, X210 X ) = Px, (Xp [ X0, X210 Xp—1) Px, 4 (Xp-1 [ X1, X210 Xp—2) -+~

Py, (X2 1X1) Py, (%)

4. 1f X4, ..., X, are jointly continuous r.v., then Joint pdf and cdf:
X Xn

F Xy Xy (KXn) = [ o [ fy x (K Xp)dx] -+ dxp
—00  —00
and
an
f Xl._.Xn(Xl,...Xn)= DXy -+ OXpy F Xl...xn(Xl,...xn)
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5. Marginal pdfs are found by integration:

fy 0= [ ] Fy x (deXp)des - dxy

—00

6. Conditional pdfs:
f X1...X (xl,...xn)

Xy X g KLXn-1)

f Xl"'Xn (Xn | Xl""Xn—l) = If f Xl"'Xn—l (Xl,...xn_l) > O

and repeated usage results in:
f X1 X (Xq,.Xp) = f X1 X (Xp | X1, Xpg) - f X, (X2 [x1) f X1 (x1)
f X1.. Xy (X1,---X) = f X (Xn [ X, Xp—1) -+~ f X, (x2 1) f X1 (x1)

Independence: X, ...,X, are independent if
P[Xl in Aq,.... X, in An] = P[Xl in A]_]P[Xl in Al]P[Xn in An]

Equivalently, if

F Xy X, (X1-Xp) =F x, (X) " Fx,, (Xp)
1. If all X are discrete then if independent

Px,. X, (X1,.-Xp) = Px, (Xq) - Px, (Xn)
2. If all X; are continuous then if independent:

f X1 X (Xg,-Xp) = f X1 (Xg)--- f X, (Xn)

Ex: 4.29:
For jointly Gaussian pdf:

2,2 15
Fxxoxs (X2, X8) = e_(x“xff‘ﬁxlxﬁzxsj.
17M273 27

Find marginal pdf of X; and X3
RS
€ 2

© 2,2
2
fxlxg(xl,xs)—f ] (X1+X2 fxlxz)dxz

s\w
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Using Ex: 4.13 result with ,o:i the integral yields:

NA

6
2 € 2

f (X X)—e_e_
XXa TS or Vor

= X and X3 are independent Gaussian random variables with N(0,1)
[zero mean, unit variance]

Ex: 4.30: White Noise Gaussian signal samples with pdf:
1 1( 2. .2 2)
f (Xl""1x ): e 5 X +Xo+...+Xp
Xl"'Xn n (272')n/2 2
forms a product of n one-dimensional Gaussian pdfs with independent

identical mean and variance N(0,1).

Functions of Several Random Variables

Single function of Multiple R.\V.: Z = g(Xy, X3, ..., Xp)
1. cdf of Z: Let us find the equivalent event of {Z <z}
= R, ={x: (Xg, ...,Xy) such that g(x) < z}
Fz(z2)=P[XinR,]= | "'Ifxl...xn (X1 seees Xy )X -+ dXpy

Xin RZ

2. pdf of Z: fz(z)zdipz(z)
z

3. Conditional pdf: pdf of Z given Y =y:
f2(2)=[f2(zly) fy (y)dy’

Ex: 4.31,32: Z=X+Y. Find Fz(z) and f,(2)
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—X'+z iy

Fz(2)= JdxX" [fyy (X,y)dy

and pdf : \=—.l.—.'

d 0 ! !/ !
fz(z):EFZ(z): J fyy (X', 2= Xx")dx
—00

If X and Y are independent, we obtain:
f,(2)= [Ty (X)fy(z—x)dx =Convolution integral

If XandY be Gaussian N(0,1) with p=-1/2, then
x2—2,oxy+y2

fyy (X Y)= e 2
and
2 2
1 o X“=2pX(z—X)+(z—-X)
f-(z)= e 2 dx
Z 27[(1_,02)1/2_00 2(1-p%)

after manipulation we re-write:

2
2 2 Z

- 1 OIO X" —XZ+2 g e 5
) =—"" " e_ X = —==
2 2@l e B T on
= Sum of two Gaussian R.V. (not necessarily independent) is

also Gaussian

Ex: 4.34 Given Z = X/Y ; where X and Y are independent r.v. with

exponential distribution and E[X] & E[Y] = 1. Find fz(z).

LetY =y ,then Z=Xl/y isa scaled version of X and from Ex: 3.23:
f2(@ly)=|yfy (yzly)

f,@) = Ty fy (V1Y) Fy Ay = Ty] Fyy (y2, y)dy

—00 —00
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fo(2)= x (yz) £y (y)dy forz>0

Iy
0
0 1
~ [ye Ve Vdy= [ye Yt Day -

0 0 (1+z)2

N-functions of N-variables (Transformation):

Z1=091(X), Zn =g (X)
then

Fz,.2, (1., 20) = P[g1(X) < 21,..., gn (X) < 2p]

Assume continuous r.v. then
Fz,.z, (21, 2n) = ]

[ f Xp.. Xy (e Xp )XY -+ dXy
X" gy (X)<z¢

Ex: 4.35 If we have two new variables defined asW = min(X,Y) and Z =
max(X,Y) then let us find Fzy(z,w).

Consider Figure 4-14 in the text for
{min(X,Y) <w}={X <w}ru{Y <w} and {max(X,Y) < z}={X < z2}u{Y <z}

Fzw(z,w) = P[{min(X,Y) <w} n {max(X,Y) < z}]
1. If z > w, then

PZW(Z’W) = ny(Z,Z) - P[A]
= Fxv(z,2) - { Fxv(2,2) - Fxy(W,2) - Fxy(z,W) + Fxy(w,w)}
2. If z<w, then:

sz(W,Z) = ny(Z,Z)
Linear Transformations: Consider a pair of equations:
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V=aX+bY and W=cX+eY

V a bl X X
Let us re-write them in matrix form: { } = { } { } = [A]{ }

W| |c el|lY

(3 + ady + by, w o+ ode o+ ead

L

¥ =+

W= ok by

Y
will be the
W

representation in (v,w) space. Consider infinitesimal rectangle, where
dP = area of parallelogram

X _
Let us assume that the inverse A exists then: { =A 1
y

then
fyy (X, y)dxdy =y, (v, w)dP

= fyw (VW) = o (X y)‘d;(%‘ "stretch factor"

| dP |: |ae — bc| (dxdy)

=|ae —bc| = |A|
dxdy|  (dxdy)

dP =|ae — bc|(dxdy) =

which results in:

fyy (X, Y)
A

fyw (VW) =

At

These lecture notes are prepared by Hiseyin Abut for Leon-Garcia text, August 2006



77

For n-dimensional R.V. linear transformations: Z = AX

fy(Alz
Fx,.x, (X1 Xn) >f( 2)

A

f2(2)=1z 7 (21, 2n) = T

Ex: 4.36: Given X & Y are jointly Gaussian with:
1 x2—2,oxy+y2

fXY(X,Y)=—e . 2

Zﬂ\/ﬁ 21=p%)
V] a1 1x] [X] ... a1 1
M e MR M R -
= Y

XT_at -1V, _v-w W
v e

and

Therefore:
fyw (VW) = f (V_W V+W)— L e‘{ . }
VW S B = XY ' - 2(1- 2(1-
V2 N2 ), /1_p2 (1-p) 2Q-p)
Rotating coordinates to ¥
coincide with that of the i
ellipsoid

These lecture notes are prepared by Hiseyin Abut for Leon-Garcia text, August 2006



General Transformations:
V = g:(X,Y)
W =g,(X)Y)

Assume: v(x,y) and w(x,y) are invertible with:
X =hy(v,w) and y = h,(v.w)

FIGURE 4.17a

¥ oA W
I'rig_rzlml.‘li'llf.‘lm
rEclarg e rde gaaerl (ggle o deiy + dy)h folx +.d
Faashrehen
[, ¥ + dyl x4+ dr, y + dv)
i, vl x + &dr. ¥ {pde. ¥h galx, ¥1)

-

X
FIGURE 4.17h
foprind natonel inage by a
peralebzgram

lp.wh

—i
i’

Then the image of a small recténgle in (X,y) can be approximated by a
parallelogram in (v,w) and
f XY (hl, h2)

aP
dxdy

f oy (X, y)dxdy = f, (v, W)dP = £,y (v, W) =

— “Stretch factor” represented by Jacobian:
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N v oX  OX
_detl XY _detl &V ow
J(X,y)—det@ ow and J(v,w)—det@ o
oX oy N oW
with property:
1
J(v,w) = ———
| | [3(x,Y)
Finally:

fxy (hy (v, W), hp (v, W)
13 (x,Y)|

and for multi-variable transformations we have:
X=(X1,..Xy) = ZwithZ; =091(X),...,Zn =9x(X)

fyw (VW) = = f yy (N (v, W), ho (v, W) ) J (v, )|

f X1...X}, (h,....hp)

le...Zn (Zl,..., Zn) = =f X1 Xp (hl,..., hn )‘J(Zl,...Zn)‘

(40
with:
91 991
8X1 - 8Xn

|3 (X, X )| = det

Ex: 4.37: Given: X &Y

Assume both variables are zero-mean, with unity variance, o> =1,
independent Gaussian R.V. Find pdf of V and W where:

V =VX?+Y% and W =angle(X,Y)in (0,27)

V=4 2+y2

X=vcosw and y=vsihw = y
W = arctan| —

Cartesian to polar mapping:

X
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OX

oy

sinw  VCOSW

OX
N Aw COSW —vsinw
J(v,w) = det ov %‘;/V :de'{ }=VCOSZW+VSin2W=
ow

ov
Therefore,

2 2 ) 2
v2cos®w vZsin®w v .
v 1 v (coszw+smzw)

f V,W)=——¢ —e = —€ o
A L
2
Vv Vv
=—e o, forv=0 and O<w<2r
2

=  Rayleigh pdf radius, V and uniform in W: (0, 2r)

Expected values of Z = g(X,Y)

1L E[Z]= | [Jo(xy)fyy(x,y)dxdy where (x,y) both continuous.

2. E[Z]1=229(Xj,Yn) Pxy(Xj,yYn)  Where (x,y) both discrete.
in
3. E[X1+ X9 +...+ Xp]1=E[X1]+ E[X2]+...+ E[X ]
4. 1f g(x,y) = 91(x) g2(y) and X and Y are independent, then
E[9:(x) 92(y)] = E[9(x,y)] = E[9:(x)] E[92(y)]
5. (j,k)™ joint moment of X and Y:

E[X ij]: [ ijkfXY(x,y)dxdy if (x,y) both continuous

—00 —00

E|x vk = 25Xy Py (% vi) if (x.y) both discrete
I N

Special Cases:

1)j=0 E[X° Y] = E[Y']

2) k=0 E[X Y°] = E[X]

3) j=k =1 E[XY] = correlation of X and Y

4) j=k=1 E[XY] =E[X]-E[Y] then X and Y are uncorrelated

5) j=k=1 E[XY]=0 thenXandY are orthogonal

6) (j,k)™ central moment of X and Y: E[(X — E[X])j (Y _ E[Y])kJ
7)j=2,k=0 : E[(x _E[X])ijai
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8j=0k=2 :  E[Y-EN]P|=0
9 j=1,k=1
E[(X — E[XIXY —E[Y])]=Cov(X,Y) = E[XY]- E[X]E[Y]

10) IfE[X]=0o0r E[Y] =0, then cov(X,Y) = E[XY]

cov(X,Y) _ E[XY]- E[X]E[Y]

Correlation Coefficient= pyy =
oX oY OX oY
11) Note that: —1< pyy <1

12) If X and Y are linearly related: Y =aX + b, then
1 ifa>0
XY _{—1 if a<0
13) If pxy =0 then, XandY are uncorrelated
14) If X & Y are independent, then pyy =cov(X,Y)=0

Lemma 1: If X and Y are independent they are ALWAY'S uncorrelated.
(Converse is not necessarily true)

Lemma 2: If X and Y are jointly Gaussian then independence and
uncorrelatedness imply each other.

Ex:439: ForZ=X+Y  find E[Z]

E[Z]=E[X +Y]= Ojo Ojo(x’+ y) oy (X', y")dx'dy’

= [ X'y O yNdxdy" + [ [y f gy (X, y))dx'dy’
—00 —00 —00 —00

= X fx DA+ Ty Ty (y)dy’ = E[X]+ E[Y]

—00 —0o0

Ex:4.41  Let X &Y be independent, then

81

cov(X,Y) =E[(X — E{X3NY - E{YP]=E[X - E{X}]E[Y - E{¥}]=0

Similarly,
cov(X,Y)=0 = cov(X,Y)=E[XY-E[X]E[Y]=0

= E[XY]=E[X]E[Y]
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Ex: 4.42 Given uniform phase with pg(e)z{llozﬂ OSOQ\; on and X =Cosé
and Y = Sind; polar coordinates.
I e S et |
fees B, A 5
- g | »
-] ||I X
4
\
._E"';-_-:" RS _I
-1
2r 1 1 27
E[XY]=E[Sind.CosO] = | —Sm@Coste_— [ Sin26.d6 =0
0 27 A 0

= X and Y are uncorrelated.

Joint Characteristic Function:
DX, X, (W, W) = E|_eJ(W1X1+---+Wan)J
If X and Y are both continuous then

Dxy (W, Wo) = [ [y (X y)el(WXW2Y)dxdy

and Inverse Fourier Transform yields:

1 © © .
fxy(y)=—7= [ [dxy (W, Wy ) e~ WX+ W2 ) dwy dwy
A7 —o—o0
with moments:
ook
E[x Yk] (|+k) K @xv (W, W2) |y =0
j aw'ow, ol
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1) dx (W) =dxy (W,0) and Dy (W) =dxy (0O,w)

2) If Xand Y are independent, then
Dxy (W1, Wp) =Dy (W) Dy (W2)

3) IfZ=aX +bY, then
Dz (W) = E[eJW(aX +bY)J= dxy (aw, bw)

4) If X and Y are independent and Z = aX + bY, then
Dz (W) = dxy (aw,bw) = px (aw) - dy (bw)

Jointly Gaussian Normal R.V.

ol f (o) ol o) 2]

210167 1= p? oy

fyy (X y)=
(See Figure 4.19 Page: 239)

n-Jointly Gaussian R.V.

Fx ()= fy x (gXn) = exp{—%(x -m)' K(x —m)}

where
X1 ] my | [ VAR(X1) COV(x1x2) . . . COV(xyXy)]
X2 mo COV(xpx1) VAR(xp) . . . COV(x9Xp)
x=| | m=| | and K=
| Xp | My | | COV (XpX1) VAR(Xp) |

Ex: 4.48 X s jointly Gaussian with COV(X;X;) = 0 if i # j, then we show
that X = Xy, X, ..., X, are independent r.v.
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VAR (x;) 0 Lo 0
0 VAR(Xp) . . . 0
K=| | | =diagIVAR(x;)] = diag[o;°]
0 VAR(Xp,) |

A [1] T -1 '“(Xi—miJ2
= K" =diag—| and (x-m) K™ (x-m)=}%

Oj i=1\  Oj

and

fy(X)=

sgpenf] gl

2 =11
Oj

1
exp
(27) " 2K { 27 i1 (27072
fx(x)=foi(Xi) = X1,X»2,..X,, areindependent r.v.

Linear Transformation of Gaussian R.V.:
Let X = Xy, Xz, ..., X, be jointly Gaussian and Y = AX where A has an inverse.
Then

_ 1 1y _ 1 Lo, Ty,
Y=y Tx(A y)—(zﬁ)n/z‘K‘llz‘A‘exp{ Lay-mi KAy m]}

After using linear algebra identities, we have
1 _
~ly-nl" ¢y

1
fy(y)= exp{

where
n=Am C=AKAT and det(C)=det(A)? det(K)

Finally,

These lecture notes are prepared by Hiseyin Abut for Leon-Garcia text, August 2006



85

fy(y)= ! ex J%[—y“”‘f
Y [y @) | 2 A

where 4,...,4, are diagonal components of A =AKA'.

It is possible to linearly transform a vector of jointly Gaussian r.v. into a
vector of independent Gaussian r.v.

Ex: 4.49

FIGURE 4.20

A nclation of he cogrdsale

gyshem b aashomes & pair of

dependest Gaussizn random W
variables inb & paif of

ndgpendsal Gaussian random

watiables.

0="Ltan? —2'20 01022
- 01" —03

\% cosg sind | X
Let New Coordinate System be: =

W —sind cosd || Y
X and Y are independent if COV(X,Y) =0.
COV (VW) =E[(V -E{VHW - E{W})
= E[{(X —m,)cos@ + (Y —m,)sinH{—(X —m,)sin@+ (Y —m,)cos&}]
= -0, sin@cosd+COV (X,Y)cos?’ 0 —COV (X,Y)sin? 0+ o, sindcosd

= %{SinZ@[(azz —0,")+2C0s20.COV (X,Y)}

_ Cos260
Cos26

{3 = Cos20.{tan 20.(c,* — &%) + 2Cov(X ,Y)}%

2COV(X,Y)

2 2
0, —0,

Let O be such that: tan26 =

COV (VW) :%{COSZH{(@Z ~y2) VT a0 (x ,Y)]}

01 —02
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COV(VW)=0 .. XandY are independent.

Mean Square Estimation

e Estimating parameters of one or more r.v. and estimating the value of an
inaccessible r.v. Y in terms of the observation of an accessible r.v. X.

e Estimating Y from a function of X, where the estimation error, e =Y —
g(X) , is non-zero and a cost function C(Y-g(X)) is associated with the
process.

The usual form of C is mean square error is given by:
C = E[{Y - 9(X)}*]
Task: Find Cpip,

1) Estimate ar.v.Y by a constant o such that C is minimum:
min E{(Y — @)} = min{E[Y %] - 20E[Y]+ «?}
04 o

9C 20— 2EN] 50 =a" =E[Y]
(94

Crin = E[(Y - ") ?1=E[(Y - E{YD?] = oy
2) Estimate Y by g(X) = aX +
Cmin = milr; E[(Y —aX —ﬂ)ZJz mi/r; E[({Y _ax}_ﬁ)ZJ
which is same as minimization of Y- aX by a constant f3:
B~ =EIY -aX]=E[Y]-aE[X]
Conin = minEJf(Y ~ E[Y]) —a(X —E[XD}?]

0 - E[Y - EVD-a(x ~EXDF -0
a da
= —2E[{(Y —E[Y]) - (X — E[X]}(X —E[X])]

—2COV (X,Y)+aVAR(X) =0

« COV(X,Y) oy
@ = anrwyPXY T
VAR(X) oy
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Therefore:
YA =0{*X +ﬂ* :pXY:_:((X _E[X])+E[Y]

and the mse of the best linear estimator (from orthogonality condition):
Cin =VAR(Y)L- p2 ., )

3. Orthogonality Condition:
(Y ~ EIV]) " (X ~ EIXD X ~ E[XD]=0

The error of the best linear estimator is orthogonal to observation X-E[X].

4. pxy specifies the sign and extent of the estimate of Y relative to:
oy (X -E[X])/ox

5. 1f X'and Y are uncorrelated then,
pyy =0 = Y=E[Y]

6. 1f pyy =11, then
Y=+ 2 (X —E[X])+E[Y]

O X
7. Nonlinear Estimator:
Cmin = g‘("; El(Y —Q(X))ZJ

It is obtained from regression analysis and generally have smaller mse in
comparison with linear estimators but they are inherently more difficult to
obtain.

#4.3 Let X, Y, Zbeindependentr.v. Find prob. in terms of Fy, Fy, F7
a)

P[[X|<5,Y >2,22>2] = P[|X| <5]P[Y > 2]P[2% > 2]
= P[-5< X <5](L-P[Y < 2])(1-P[-V2 < Z < /2]
~[Fx 5)-Fx (90— Fy @)I-Fz (27)+Fz (v2)]

b)
P[X >5,Y <0,Z =1] = P[X >5]P[Y <0]P[Z =1]

=[-Fx GCHIIFY (O IFzM-Fz (1)
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P[min(X,Y,Z)>2]=P[X >2,Y >2,Z > 2]
C) =P[X > 2]P[Y > 2]P[Z > 2]

=(1-Fx )1-Fy Q)1-Fz (2))
P[max(X,Y,Z) < 6] = P[X <6,Y <6,Z < 6]

d) — P[X < 6]P[Y < 6]P[Z < 6]
=[Fx (6 )].[Fy (6")].[Fz(6)]

#4.9 X &Y amplitude of noise signals at two antennas with
2 2
fyy (X, y)=abxye 2 /2™ ¥°/2  x50,y>0,a>0b>0

a) Find joint cdf

Xy 2 2
Fxy (X Y)= J I ax e~ /2 by oDV /2 dydix

axe _ax? /2dXJ' bye by /2dy

X
=]
0
(1 o X /2)(1 ) /2) y 7 y=X

"

b) Find P[X>Y]

o X
P[X >Y]= jdxjaxe_alezbye‘byzlzdy
0 0

2 X 2
X g~ /deIbYe_by /2dy
0

0
]
0
0o 2 2

0

212 T —(b+a)?i2
axe @ /2dx—a [ xe~(b+a)x"/2gx
0

Il
Il
oO— 8
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Find marginal pdfs:
Fx(X)= lim Fxy(x,y)= lim (1_e—ax2/2j(1_e—by2/2j

y—© y—0

:1_e—aX2/2

= fy (X) :din(x) :axe—ale2
X
Similarly,
2
fy(y)=bye ™" /2

#4.20 Are X &Y independent in #4.9?
Given: fyy(X,y) = abxye—alx2 /2e—by2 /2

X &Y are independent if fyy (X, y)=fy (X) fy (Y)
But we found that f , (x) =axe /2 and f. (y) =by e bY*/2

Thus: £, (x) fy (y)=abxye /2.6 12 ¢ (xy) Q.E.D.

#4.25 X & Y are jointly Gaussian with N(my,o7%) ; N(m,,05°)
a) Show X & Y are independent if p = 0.

Al ]

f (X, y) =
XY 2
27[0'302\/7 1-p

If p=0, then
2 2 y
e
1 [ o1 2 -+ +,+

e 2

fyy (X, y) =

270109

2 2
| X=M | y=m2
1 [ o1 j 1 ( & j
e ¢
\27woq01 2 \27O9079 2 ! !

= fy(x)fy(y) forall x,y
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= X,Y independent R.V.’s

Find P[XY > 0]

P[XY >0] =P[X and Y have same sign]
=[J(++)f xy (X, y)dxdy +[(=) f xy (X, y)dxdy

0 ®© 0 0
=|f X (x)dx | fy (y)dy+ Ifx (x)dx Ify(y)dy
0 0 —o0 —0

using
(x-my)? ¢
© 1 X—MmMq o0 ey mlj
——e ., 2 Ox= | ——&=dt=Q|-—
(I) 2o 2071 _gnl\/27z o1

o1
and similarly for other integrals, we obtain:

oo 22 {24 2)

o1 02 o1 02
#4.35 P(C=1) =p; and T = time to service a customer is exp. distr with o
a) Find pdf of T

n n

fr(t)=> fr(t|C=)P[C=i]=Yajeilp; fort>0
=1 i=1

b) Find E[T] and o1°

n : : n 1
E[T]= 'ZlE[T [1JPIC =i]= 2 —pj
1=

i=1%j

n ) ) n 2
E[T?]= YE[T? [i]P[C =i] = ¥ —p;

=1 1=1a;j

2
n 2 n 1
VAR[T] = E[T2]— E[T]2 =2 —zpi —[Z —pij
izlai i=1Qj
#4.41 Show that

fywyz (6Y,2)=F5(Z[%y) fy(y[x)fy(x)
From Bayes Theorem we have:

fyyz (6 Y, 2)=T5(ZIXY) fyy (5 Y)=T,(2I%Y) fy (Y]X) fy(X)
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Q.E.D.
#4.42 Let U;, U,, Us be independent r.v. with
X:U;[; Y:U1+U2; Z:U1+U2+U3

a) Find joint pdf of X,Y,Z.
fy(ylx)= fuz(y_ul): fuz(y_x)
fo(zIxy)= fu3(Z_U1_U2): fus(z—Y)
Therefore,
fywyz 6y, 2)=T5(2]%Yy) fy(y]X)fy(X)
= fUB(Z—Y) fuz(y—x) ful(x)
b) If U; are independent uniform in [0,1],then find pdf of Y & Z; pdf of Z.

fyz(12)= [ Ty, =y Ty, (Y= fy, (X

o0
=fu,@=9 T fu, (y=2)fy (DX fom convolution
BN W Y, Integral of (4.54)
page 222.

fy(y)
= fug(Z—Y)fY(Y)
Find f (y) for0<y<1

y y
fy()=Tfy,(y-up)-fy, (U)dug = [11-dup =y
0 0
for 1<y<?2

1
fy= 1 fy,(y-up)-fy, (u)du =2-y
y-1
y 0<y<1
fy(y)=42-y 1<y<2
0 ow.
and
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y 0<y<liy<z<y+l
fyz(y,2)=42-y 1<y<2jy<z<y+l
0 ow.
pdf Z:

YA
jydy=%z2 0<z<1
f,(2) =]ty (y' 2)dy’ = 1 ZO 3
[ ydy+j(2—y)dy:22—32+— 1<z<2
-1 1 2
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	Ex:  4.1 Student’s features: (: name of a student in class and height, weight and age functions be: 
	Two Random Variables:  
	Let Z = (X, Y) take values from  S = {(xj , yk) ;  j = 1, …;  k = 1, 2, …}.  
	The joint pmf of Z specifies the probabilities of the product-form event: 
	Find marginal cdf’s 
	Find P(A), P(B), and P(D)  if A = {X ( 1, Y ( 1} 
	B = {X > x, Y > y} 
	 
	 
	 
	 
	 
	 
	 
	Find joint cdf 

	Ex:  4.11 and 4.12: 
	Input: X={1,-1} with Prob:1/2  
	and        
	Noise: N: Uniform in [-2V, +2V] 
	Find P[X = 1, Y ( 0]   Case for Sent “1” but received “0”,  i.e., ERROR 

	 
	Ex:  4.13 & 4.18 Given X,Y two jointly Gaussian r.v.  where   -( < X,Y<(, find marginal pdf’s and check for independence.  
	Ex: 4.15 Does the “loaded die” experiment (Ex: 4.6) have indep. r.v.? 
	 
	Conditional Expectation of Y given X=x 
	 
	Independence: X1, …,Xn are independent if 
	 
	Equivalently, if 

	Ex:  4.34  Given Z = X/Y ;  where X and  Y are independent r.v. with exponential distribution and   E[X] & E[Y] = 1. Find  .  
	Let us re-write them in matrix form:   
	  
	Let us assume that the inverse A-1 exists then:   will be the representation in (v,w) space.  Consider infinitesimal rectangle, where  
	dP = area of parallelogram  
	then  
	   
	   
	For n-dimensional R.V. linear transformations: Z = AX 


	Ex:  4.36:  Given X & Y are jointly Gaussian with: 
	   and 

	  
	Ex:  4.48  X is jointly Gaussian with COV(XjXi) = 0 if i ( j, then we show that X = X1, X2, …, Xn are independent r.v.   
	After using linear algebra identities, we have 


	P[XY > 0] = P[X and Y have same sign] 


